In this paper we shall study the phase space of a coupled dark energy-dark matter fluids system, in which the dark energy has a generalized logarithmic corrected equation of state. Particularly, the equation of state for the dark energy will contain a logarithmic function of the dark energy density ρ d and will also have quadratic and Chaplygin gas-like terms, expressed in terms of ρ d . We shall use the dynamical system approach in order to study the cosmological dynamics, and by appropriately choosing the dynamical system variables, we shall construct an autonomous dynamical system. The study will be performed in the context of classical and loop quantum cosmology, and the focus is on finding stable de Sitter attractors. As we demonstrate, in both the classical and loop quantum cosmology cases, there exist stable de Sitter attractors in the phase space, with the loop quantum cosmology case though having a wider range of the free parameter values for which the stable de Sitter attractors may occur. It is emphasized that the use of a generalized dark energy equation of state makes possible the existence of de Sitter attractors, which were absent in the case that a simple logarithmic term constitutes the dark energy equation of state.
I. INTRODUCTION
The discovery of the late-time acceleration of our Universe in the late 90's [1] , is to our opinion the most surprising and mysterious discoveries ever made for our Universe. This is due to the fact that no one actually expected this evolutionary process for our Universe, and in fact it is counterintuitive from many aspects. Of course it is a theoretical challenge to explain this mysterious late-time acceleration dubbed dark energy, and in classical Einstein-Hilbert gravity contexts, a negative pressure fluid is needed to produce this kind of evolution for the Universe, which in many cases is a phantom fluid [2] . Apart from this late-time phenomenon, the nature of dark matter is not yet determined too, but dark matter is the basic ingredient of the phenomenologically successful model called Λ-Cold-Dark-Matter model. Also dark matter can successfully explain the galactic rotation curves, however there exist various shortcomings [3] , which at a galactic level can be explained by changing the equation of state of dark matter (EoS) [4] [5] [6] [7] . As already mentioned, no direct proof exists that can explain the nature of dark matter, although there exist particle physics proposals which assume that dark matter consists of weakly interacting particles [8] .
For the explanation of dark energy, modified gravity offers one of the most consistent theoretical frameworks, which can successfully explain the late-time acceleration [9] [10] [11] [12] [13] [14] and in some cases it is possible to describe both the inflationary and the late-time acceleration era within the same theoretical framework, see for example [15] . Apart from the modified gravity description, there exists a research stream in the literature of modern theoretical cosmology, which assumes that the dark sector is composed by two interacting fluids, the dark matter and the dark energy fluids, see for example Refs. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . Actually the fluid cosmological description is quite frequently adopted for the dark energy description , usually having a non-trivial EoS. The existence of an interaction between the dark sector fluids is observationally supported by the fact that the dark energy dominates over the dark matter component of our Universe after galaxy formation until the late-time era. In addition, it is known that the dark matter density Ω DM cannot be calculated without determining the dark energy density Ω DE [54] .
Recently we examined the phenomenological consequences of a dark energy fluid coupled with a dark matter fluid, with the dark energy fluid having a logarithmic-corrected EoS [55] , see also [56] . The presence of logarithmic terms is inspired by solid state physics, in which the pressure of the deformed crystalline solids under the isotropic stress has a logarithmic dependence [57] [58] [59] . As we demonstrated, it is possible to have stable accelerating attractors in the phase space of the interacting dark energy-dark matter system, and specifically quintessential ones. Actually, we proved explicitly that there exist several stable quintessential fixed points, but no de Sitter attractors were found for the corresponding dynamical system. Motivated by the absence of de Sitter attractors in the logarithmic corrected coupled dark energy-dark matter system, in this paper we shall use a generalized logarithmic corrected EoS for the dark energy, and we shall study the dynamical evolution of the coupled dark energy-dark matter system. We shall use the autonomous dynamical system approach, and we shall extensively study the phase space structure of the cosmological system, emphasizing on the existence of stable de Sitter fixed points. Also we shall investigate the stability of these fixed points, by using a numerical approach, due to the fact that the resulting algebraic equations cannot be solved analytically. The dynamical system approach for studying the dynamical evolution of various cosmological systems is quite popular in the modern cosmology literature and in this paper we shall appropriately form an autonomous dynamical system for the cosmological system at hand. We shall use two theoretical frameworks, namely the classical Einstein-Hilbert framework and the loop quantum cosmology (LQC) framework [97] [98] [99] [100] [101] [102] [103] [104] [105] [106] [107] , and for each case we shall study the trajectories in the phase space, the existence of de Sitter fixed points and finally we shall examine the stability of the de Sitter fixed points. To our surprise, in both cases the effect of a generalized EoS in the dark energy fluid leads to stable exactly de Sitter fixed points. In fact, the EoS behaves exactly as in the case of an exact de Sitter cosmology. The resulting picture is interesting since for both the classical and the LQC cases, the existence of de Sitter fixed points occurs, however in the LQC case, there is a wide range of free parameters for which the occurrence of stable de Sitter attractors is ensured. We should also note that the presence of the logarithmic term is crucial since it stabilizes the fixed points of the dynamical system, both in the classical and in the LQC cases.
This paper is organized as follows: In sections II and III we shall study the classical gravity and LQC coupled dark energy-dark matter system respectively. Particularly, we shall present the general form of the dark energy EoS and accordingly, by appropriately choosing in each case the dynamical system variables, we shall construct an autonomous dynamical system, and we study in detail the phase space structure of the cosmological system. We emphasize on the existence of de Sitter fixed points and their stability, so by using a numerical approach we prove the existence of stable de Sitter fixed points in the phase space of the classical and of the LQC cosmology systems.
Before we get to the core of our work, we shall briefly discuss the geometric background which shall be assumed in throughout in this paper. Particularly, we shall consider a flat Friedmann-Robertson-Walker (FRW) spacetime with line element,
with a(t) being the scale factor of our Universe. Accordingly, the corresponding Ricci scalar is equal to,
where H =ȧ a denotes as usual the Hubble rate of our Universe. Finally, we shall use a physical units system in which = c = 1.
II. THE CLASSICAL COSMOLOGY CASE: GENERALIZED LOGARITHMIC EOS EFFECTS ON THE PHASE SPACE
The first case we shall consider is the classical Einstein-Hilbert case of the two interacting dark fluids. Particularly, we shall introduce a generalized logarithmic EoS for the dark energy fluid and we shall investigate in detail the effects of the logarithmic term on the phase space structure of the classical system. The classical Friedmann equation of the coupled dark energy-dark matter system in the FRW background is,
where κ 2 = 8πG, G is Newton's gravitational constant, and ρ tot is the total energy density of the coupled system, which is,
where ρ d and ρ m are the dark energy and dark matter energy density respectively. Taking into account the conservation of the energy momentum for the coupled system, and also their non-trivial interaction, the continuity equations are,
where p d stand for the dark energy pressure, and the dark matter fluid has zero pressure. The interaction term Q controls the amount of energy transferred in between the dark fluids, and its sign controls which fluid loses energy, for example in Eq. (5), if Q > 0 the dark energy fluid loses energy and the dark matter fluid gains energy. For phenomenological reasons we shall assume that the interaction term will have the following form, [108] [109] [110] [111] [112] ,
where c 1 , c 2 are real positive constants which are constrained to have the same sign. By combining Eqs. (3) and (5),
where p tot denotes the total pressure of the dark fluids, which is p tot = p d , due to the fact that the dark matter pressure is zero. In the previous work [55] we made the assumption that the dark energy EoS contains a logarithmic term appropriately chosen, and in this work we shall make a generalization of the dark energy EoS in order to investigate the phase space structure of the system, focusing on the existence of de Sitter attractors, which were absent in the study [55] . Particularly, we shall assume that the dark energy fluid has the following EoS,
whereÃ, B, Λ and w d are real dimensionless constants. The generalized EoS contains the logarithmic term and also terms very frequently used in dark energy contexts. Specifically the term proportional to ρ 2 d is frequently used in phenomenological dark energy contexts and leads to singularities when a single dark energy fluid is used [46] , and also the term
is well known from Chaplygin gas studies, see for example [32, 113, 114] for standard references in the field, and also consult Ref. [115] for a recent work on tachyonic effects. One crucial and tedious task to perform is to construct an autonomous dynamical system by using the equations of motion (3), (7) along with the continuity equations (5) and with the EoS (8) . The only way to construct an autonomous dynamical system from the cosmological equations is to choose the dimensionless variables of the dynamical system as follows,
and in addition, by using the functional form of the variables (9), we can write the interaction term (6) in the following way,
By using Eqs. (3), (5), (7), (8), (9) and (10) we can construct the following autonomous dynamical system,
and in addition, the total EoS parameter w ef f = p d ρ d +ρm can be written in terms of the variables (9) in the following way,
From the functional form of the dynamical system (11), it is easy to understand that finding the fixed points analytically is a formidable task, so we will rely solely on a numerical approach. Particularly we shall solve the dynamical system (11) numerically, for various sets of initial conditions and for various values of the free parametersÃ, B, Λ and w d . After a thorough investigation, with various initial conditions and several values for the free parameters, it seems that there is a pattern of behavior in the phase space of the cosmological system. Particularly, the initial conditions that the variables x 1 , x 2 and z must such so that the variables take positive values at some initial time. Secondly, the only case that leads to a stable fixed point is whenÃ < 0, B = 0, c 1 > 0, c 2 > 0, w d < 0 and Λ < 0. Actually, the term proportional to Bρ 2 d causes strong instabilities in the phase space, but for the values of the free parameters chosen as we indicated, the dynamical system has stable fixed points, after some value of e-foldings number. In Fig.  1 we present the behavior of the variables x 1 , x 2 and z as functions of the e-foldings number for the values of the free parameters chosen as (Ã, B, c 1 , c 2 , w d , Λ) = (−1, 0, 1, 1 reached for quite small values of the e-foldings number, and we can also demonstrate that indeed this is the case. In Table I we present the values of the variables x 1 , x 2 and z for various values of the e-foldings number. As it can be seen, the fixed point of the dynamical system is φ * = (x 1 , x 2 , z) = (0.666667, 0.333333, 0.449231), so let us now investigate the nature of the fixed point. This can be easily done by evaluating the total EoS parameter w ef f by using Eq. (12), so in Fig. 2 , we present the plots of the total EoS parameter w ef f as a function of the e-foldings number N , for N chosen in the ranges N = [0, 60]. As it can be seen, the total EoS parameter w ef f approaches the value w ef f = −1 after a few e-foldings, so the stable fixed point φ * = (x 1 , x 2 , z) = (0.666667, 0.333333, 0.449231) we found numerically, is an exact de Sitter fixed point. We can further show the existence of an asymptotic attractor in the , 1). As it can be seen the fixed point is a stable exact de Sitter fixed point.
phase space of the dynamical system (11), by presenting several trajectories in the plane x 1 − x 2 , for various initial conditions. As it can be seen in Fig. 3 , there is an asymptotic attractor for several trajectories which correspond to different initial conditions. Also in Fig. 3 we can also see a trajectory threading the fixed point. After a closer analysis it can be shown that this trajectory drives the system to infinity, so there are initial conditions which may lead to singularities, however these belong to negative initial conditions, so we disregard these trajectories. In conclusion, we demonstrated that the classical coupled dark energy-dark matter system with the generalized logarithmic dark energy EoS (8) has stable de Sitter attractors. It is noteworthy that the logarithmic term contributes significantly to the stabilization of the final attractor, and also we need to note that the term ∼ Bρ 2 d must be set equal to zero, since it completely destabilizes the phase space. In the next section we shall investigate whether the LQC effects can modify or alter the phase space structure of the classical phase space. As we will demonstrate, the effects of the LQC theoretical framework are significant since the parameter space for which the existence of stable de Sitter attractors is guaranteed, is enlarged.
Before closing, we shall further discuss the stability issue of the attractors we found in this section, and also we specify the significance of the logarithmic and other terms in the generalized EoS (8) . As it is found by our numerical analysis, the appearance of the logarithmic term is crucial for the stability of the final attractors. This feature was also found in Ref. [55] , however in Ref. [55] , only the logarithmic term was included, and the resulting de Sitter attractors were quintessential, not de Sitter. In the present case with generalized EoS, the final attractors are stable, an effect guaranteed by the logarithmic term, and most importantly, the attractors are de Sitter, which is the effect of the third and fourth term of the generalized EoS (8) . Finally it is crucial to note that the attractors occur only when B = 0, so the second term of the generalized EoS (8) , destabilizes the final attractors.
III. THE LOOP QUANTUM COSMOLOGY FRAMEWORK AND INTERACTING DARK ENERGY-DARK MATTER
In this section we shall repeat the study we performed in the previous section, by incorporating LQC effects in the theory. As we shall see, the LQC effects have a significant contribution to the resulting picture, since the existence of stable de Sitter attractors is ensured for a wider range of free variables, and also we have de Sitter attractors even in the case that B = 0, a feature certainly absent in the classical theoretical framework. The essential features of LQC can be found in various articles, see for example Refs. [97] [98] [99] [100] [101] [102] [103] [104] [105] [106] [107] , so we start of with the LQC Friedmann equation which for the flat FRW metric of Eq. (1) becomes,
where ρ tot is the total energy density ρ tot = ρ d + ρ m . The dark energy and dark matter continuity equations are still given by (5) and the interaction term is given by (6) . By combining Eqs. (13) and (5), we obtain,
with p tot being the total pressure which is again in this case equal to p tot = p d . In addition, the dark energy EoS parameter w ef f is assumed to be in this case,
where B, w d and A are dimensionless parameters. In order to construct an autonomous dynamical system in the LQC case, we choose the variables of the dynamical system as follows,
Accordingly, in terms of the variables (16), the total EoS parameter w ef f is written as follows,
Thus by using Eqs. (13), (14), (5), and (16), after some extensive algebraic manipulations, the autonomous dynamical system in the LQC case reads,
+ 54Bx
The dynamical system (18) is an autonomous dynamical system, however it is quite complicated to study it analytically, so we will rely to numerical analysis again. After a thorough investigation of the free parameters space, the resulting picture is more rich in comparison to the classical case, since the existence of a stable de Sitter attractor occurs for a wider range of the free parameters values. For example, we found the following class of parameter values which guaranteed the existence of a stable de Sitter attractor,
and there are more combinations not listed here, that yield similar phenomenological behavior. From Eq. (19) we can readily spot two major differences of the LQC case, in comparison with the classical picture, firstly, the stable de Sitter final attractor occurs for positive values of the parameter A and secondly, the parameter B can also take non-zero values. These cases were absent in the classical approach, since positive values of the parameter A were not allowed, and also non-zero values of the parameter B, utterly destabilized the phase space. Let us study the phase space structure for one of the above cases, so let us choose for example the following set of values for the free variables (A, B, c 1 , c 2 , w d , Λ) = (1, −1, 1, 1 , − 1 3 , −1), and in Fig. 4 we plot the behavior of the variables x 1 , x 2 and z for the first 60 e-foldings. From the plots of Fig. 4 it is obvious that a stable fixed point is reached quite , −1).
fast. We can find numerically which is the fixed point, so in Table II , we present the values of the variables x 1 , x 2 and z for various values of the e-foldings number. As it can be seen in Table II , the fixed point of the dynamical system in the LQC case is φ * = (x 1 , x 2 , z) = (0.057149, 0.0285745, 9.74264). As in the classical case, the fixed point is a de Sitter fixed point, as it can be seen in Fig. 5 , where we present the functional dependence of the total EoS parameter w ef f as a function of the e-foldings number N , for N chosen in the range N = [0, 60]. It is obvious from Fig. 5 that the total EoS parameter approaches quite quickly the de Sitter value w ef f = −1. In effect, the fixed point φ * = (x 1 , x 2 , z) = (0.057149, 0.0285745, 9.74264) is an exact stable de Sitter fixed point. So the LQC case of the coupled dark energy-dark matter cosmological system has more phenomenological interest in comparison to the classical one, due to the fact that, the terms that caused instabilities in the classical case, are allowed in the LQC case, N = 1: (x1, x2, z) = (0.0535404, 0.0360011, 9.63123). N = 5: (x1, x2, z) = (0.0571488, 0.0285748, 9.74263). N = 10: (x1, x2, z) = (0.057149, 0.0285745, 9.74264). N = 60: (x1, x2, z) = (0.057149, 0.0285745, 9.74264). , −1). As it can be seen the fixed point of the LQC system is a stable exact de Sitter fixed point.
and also these can provide a qualitatively interesting phenomenology. Also the free parameters allowed values are significantly more in number in comparison to the classical case, so in the LQC case, a qualitatively more interesting phenomenology is obtained.
IV. CONCLUSIONS
In this paper we investigated the phase space of a coupled dark energy-dark matter cosmological system, in which the dark energy EoS has a generalized functional form containing logarithmic, quadratic and Chaplygin gas-like terms of the energy density. We used two theoretical contexts, namely that of classical Einstein-Hilbert gravity and that of LQC, and we focused the phase space study on the existence and stability of stable de Sitter attractors. After appropriately choosing the variables, we constructed an autonomous dynamical system for both the classical and the LQC cases. With regard to the classical case, we demonstrated that there exist values of the free parameters for which de Sitter attractors exist. By using a numerical approach, we showed that the fixed points are actually stable de Sitter attractors. With regard to the LQC case, we also demonstrated that stable de Sitter attractors exist, and these occur for a wider range of the free parameters values. Actually, for the classical case, we showed that when quadratic terms of the form ∼ ρ 2 d exist in the dark energy EoS, the corresponding dynamical system does not have stable de Sitter attractors, and actually the phase space trajectories become strongly destabilized. In the LQC case, this phenomenon does not occur, since the terms proportional to ∼ ρ 2 d are allowed and can lead to stable de Sitter attractors. Also in the classical case, the logarithmic term must have a negative sign in order to have stable de Sitter attractors, but in the LQC case this constraint is raised and both negative and positive signs of the logarithmic term can lead to stable de Sitter attractors.
An important issue we did not address is the occurrence of finite-time singularities in the cosmological system of the coupled dark energy-dark matter which we studied. Due to the presence of the logarithmic and Chaplygin gas terms, the analytical method of the dominant balances used in Refs. [60, 61] cannot be used in this case due to the fact that the dynamical system is not polynomial. Therefore, one should try to address this issue numerically, but without any analytical results, it is difficult to extract any useful information from the resulting picture. So approximations are needed near the finite-time singularities, but this task is highly non-trivial and difficult to solve for the coupled fluids system. Perhaps the best strategy is to study the single logarithmic dark energy fluid case, and examine the behavior near the singularities. Another issue which we did not address is to further modify the equation of state and use terms of the form ∼ ρ n d , with n some positive rational number. This could have some effect on the classical
